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ABSTRACT
The thermal design of natural convection heat sinks is critical to the heat management of
electronic devices. In this paper, topology optimization (TO) with a new parameter advanc-
ing scheme is employed to study the effect of the heating power, heat source size, allowed
volume and material thermal conductivity on the optimized design of natural convection
heat sinks. Except for the heating power, the other three factors also play an important role
on the optimization results. For the small heating power, TO predicts the tree-like heat sink
with many secondary-branches to improve heat conduction, but the specific structure is
highly dependent on the heat source size, allowed volume and material thermal conductiv-
ity. For the large heating power, TO prefers to produce the taper-like heat sink where the
tiny branches fade away to adapt to the strong flow, and the influences of the other three
factors are reduced. However, two primary branches that connect the heat source and top
corners of the design domain always exist, indicating that they are the most effective ways
to improve heat transfer. This work has highlighted the impact of different parameters in
TO of natural convection heat sinks and provides a more in-depth understanding of the
design guidelines.

Introduction

Modern wireless communication has entered the age
of the 5th generation (5G), which has the advantages
of high data transfer rate, high capacity, and low delay
[1, 2]. However, one of the following problems is that
these improvements certainly require much more
energy supply to drive the widely distributed modules,
resulting in massive heat dissipation within a large
area [3]. The power dissipation of an individual 5G
base station is about 3700W, which is 2.5� 3 times
larger than a 4G one, and the discrete heat sources
accounts for a large part of the printed circuit boards
[4]. Worse still, these stations are usually installed on
the top of the building or high in the field, making it
impractical to use an active cooling approach owing
to the huge operating and maintenance costs. Since
the performance and reliability of electronic devices
are very sensitive to temperature, the extremely high
power dissipation and poor working condition of base
stations have made thermal design a great challenge
in the development of communication techniques
[5–8]. Owing to the benefits of its good performance

and easy fabrication, the heat sink is the most widely
used cooling method [9, 10]. It is reported that heat
sinks make up more than 80% of the thermal manage-
ment solutions for electronic devices [11]. Among
these solutions, heat sinks in natural convection are
the most typical, efficient, and economic scheme to
enhance the heat transfer of electronic devices.

A great number of efforts have been devoted to the
optimization of heat sinks in natural convection due
to the high requirements for the heat transfer rate and
the compact sink geometry. According to the meas-
ured data of different plate heat sinks, Yazicio�glu and
Y€unc€u [12] concluded that the convection transfer
rate has an optimal value varying with the heat sink
width and height. Tari and Mehrtash [13] numerically
studied the effects of the fin distance, sink length, and
height on the performance of natural convection heat
sinks. They found that as the fin distance increases,
the heat transfer rate firstly increases to a peak value,
then decreases monotonously. Except for parametric
studies, a lot of new schemes of the natural convec-
tion heat sinks have been proposed, such as inclined
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fins [14], fins of variable thickness [15], interrupted
fins [16] and dual-height fins [17]. The existence of
the optimal heat sink design can be interpreted as a
tradeoff between increasing the heat transfer area and
decreasing the flow resistance of natural convection.
Although these size and shape optimization techni-
ques could improve the performance of heat sinks
and to some extent reduce the system temperature,
the design space is limited to a few geometric parame-
ters, and a priori basic design must be given. As a
contrast, topology optimization (TO), which is the sci-
ence of placing material in an optimum manner
respecting predefined objectives and constraints [18],
has a much larger number of degrees of freedom
(DOF) of design. Its final solution complexity is
unconstrained and the optimized designs usually pass
over people’s expectations [19]. TO can not only help
to significantly improve the performance of the design
object but also considerably reduce the design time
[20]. For a conventional heat conduction optimization
problem, the results predicted by TO can be better
than those by other optimization methods [21].

TO for heat transfer systems is a young and not
robust methodology [19, 22]. The problem becomes
more complex when it comes to natural convection,

which is a strongly coupled heat transfer process
where the variation of the temperature field induces
fluid motion under gravity, and the flow filed affects
the temperature field by heat convection. To take heat
convection into consideration in TO, the usual
approach used to interpolate the convective bounda-
ries [23–25]. These researches apply a predetermined
effective convection coefficient to simplify the prob-
lem, and the method has been used in actual manu-
facturing [26] and industrial framework [27]. But TO
could produce unanticipated designs and closed cav-
ities, which violates the assumptions of the simplified
model [28]. The weakness is firstly overcome by
Alexandersen et al. [29] by introducing the Brinkman
friction term to Navier-Stokes equations, in which
they came up with a density-based TO approach for
two-dimensional (2D) natural convection problems
without assuming a single constant convection coeffi-
cient. Later, Coffin and Maute [30] developed a level-
set method which is able to deal with the transient
natural convection problems, and the density-based
TO method has been extended to the large scale
three-dimensional optimization problems with the
order of 1� 108 state DOF [31]. Recently, a reduced-
order model governed by simplified physics was

Nomenclature

A area, m2

Ck ratio of the fluid thermal conductivity to solid thermal
conductivity, kf / ks

Cp specific heat, J=ðkg�KÞ
DOF design of freedom
eg unit vector in the gravitational direction
g gravitational acceleration, m/s2

Gr Grashof number, gbðDTÞ0q2L3=l2
H height, m
h elevation of the fulid, m
hm mesh size, m
k thermal conductivity, W=ðm � KÞ
L characteristic length, m
p pressure, Pa
P modified pressure, Pa
Pr Prandtl number, lCp=k
rf filter radius, m
q heat flux, W/m2

qk convexity parameter for the interpolation of thermal
conductivity

qa convexity parameter for the interpolation of effective
inverse of permeability

Qs volumetric heat source, W/m3

T temperature, K
TO topology optimization
U speed, m/s
v velocity vector, m/s
W width, m
x position vector, m

Greek Symbols
a effective inverse of permeability
b coefficient of thermal expansion, 1/K
c design variable field
~c filtered design variable
�~c projected design variable
g projection threshold
l dynamic viscosity, kg=ðm � sÞ
q density, kg/m3

r projection steepness parameter
/ volume constraint on heat sinks
(DT) temperature difference, K

Subscripts
ave average value
b heating boundary
d design domain
f fluid material
init initial value
max maximum value
o outer surface of the heat sink
ref reference value for nondimensionalization
s solid material
0 reference value

Superscripts
i iteration number
T transposition� dimensionless parameters
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proposed to reduce the computational effort [32, 33].
Moreover, TO has been successfully utilized to the
design of passive coolers for light-emitting diode
lamps, in which the topology-optimized designs yield
a 26% lower temperature while 12% less material
compared to the common commercial design [34].
Further experimental results demonstrated that top-
ology-optimized heat sinks always perform better than
pin-fin heat sinks under the design condition [35, 36].
These studies demonstrate the feasibility of using TO
in natural convection problems and provide insights
for the design of heat sinks. However, most of the
reported work only deals with the small-size heat
source cases, in which the heat source is a small part
of the design domain boundary and cannot meet the
requirement of modern 5G large-size heat source
devices. In addition, the variations of the optimized
designs with heat sink volume and material thermal
conductivity are still lacking.

In the present work, the optimization of natural
convection heat sinks is achieved by the density-based
TO method, in which a new gradual parameter
scheme is used to avoid the local optima. After deter-
mining the reasonable values of mesh size and filter
radius, parametric studies are carried out to analyze
the dependence of the results with heating power,
heat source size, heat sink volume and thermal con-
ductivity ratio of the fluid to solid. The main outline
of the obtained heat sink gradually changes from the
tree-like structure at the small heating power to the
taper structure at the large heating power, verifying
the validity of the gradual parameter scheme. The
detailed structures significantly change with the heat
source size, heat sink volume and thermal conductiv-
ity ratio at the small heating power, but the difference
weakens as heating power increases. The variation of
the results is closely related to the change of the rela-
tive strength of convection to heat conduction in

natural convection problems. However, two oblique
primary branches which connect the bottom and cor-
ners of the design domain always exist after TO.

Methodology

The design problem is simplified as a 2D heat sink
subjected to natural convection cooling due to sur-
rounding cold walls, as shown in Figure 1. The gray
zone is the design domain where the solid material is
freely distributed to form the heat sink, and a flow
domain surrounds the heat sink. The upper and side
walls are kept at a specified temperature (T0), and the
bottom wall is insulated (q¼ 0), except for the bound-
ary heat flux (qb) along the bottom of the design
domain. A reference pressure p0 is applied at the cor-
ner to ensure a unique solution to the flow equations.
With a prescribed constraint on the volume of the
heat sink, the objective of the optimization is to min-
imize the average temperature of the heat flux bound-
ary, corresponding to decrease the heat source
temperature in actual devices. The geometry and
boundary conditions of the current problem refer to
the settings in reference [29], but the heat source size
has been increased from Wb=Wd ¼ 0:05 (the small
size) to Wb=Wd ¼ 1 (the large size) to model the
situation of 5G communication base stations, in
which the power modules nearly cover the full base
plate of the heat sink. It will be displayed that the
heat source size does have an impact on the optimiza-
tion results.

A brief introduction of the density-based TO
method will be given in this section. The buoyancy
effect is taken into consideration via the Boussinesq
approximation, and the Brinkman friction term
[37, 38] is introduced to facilitate TO of the flow.
More details of the method can be found in refer-
ences [29, 31].

Figure 1. Schematic diagram of the geometries and boundary conditions for the 2 D natural convection heat sink.
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Governing equations

To simplify the problem, steady, incompressible, lam-
inar, and constant property flows are assumed, and
the viscous dissipation is neglected. The resulted
Navier-Stokes and convection-diffusion equations with
Boussinesq approximation [39] and Brinkman friction
term are (dimensionless form):

r� � v� ¼ 0 (1a)

v� � r�ð Þv� ¼ �r� � P� þ Prr� � r�v� þ ðr�v�ÞT
� �

� Pr2GrT�eg � av�

(1b)

v� � r�T� � k�r� � r�T�ð Þ ¼ Q�
s (1c)

The modified pressure, P¼ pþ qgh, is used to avoid
the potential round-off error in numerical calculation
of the buoyancy effect. Pr ¼ lCp=k is the Prandtl
number that reflects the relative spreading of viscous
and thermal effects, and Gr ¼ gbðDTÞ0q2L3=l2 is
the Grashof number that describes the ratio of the
buoyancy force to the viscous force in the fluid. Gr can
be used to determine the relationship between convec-
tion and diffusion and reflects the relative heat source
intensity if the solid and fluid materials are determined.
For low Gr, the heating power is weak, the flow is
dominated by diffusion and heat conduction is the
main means of heat transfer. For high Gr, the heating
power is strong to excite fast flow, and convection
plays a decisive role in the heat transfer.

Topology optimization

TO is originally a discrete 0-1 design problem and nat-
urally has severe numerical instabilities [40]. The basic
principle to implement TO is to replace the original dis-
crete optimization problem with the continuous one
where the material density is allowed to vary continu-
ously between solid and void [20]. In this paper, an
idealized porous material whose permeability and ther-
mal conductivity can vary spatially is assumed to fill the
design domain. The limits of very low and very high
permeability represent the solid walls with high thermal
conductivity and open channels with low thermal con-
ductivity, respectively. This requirement can be realized
by the following interpolation functions [29, 31, 41]:

aðcÞ ¼ amax
1� cðxÞ
1þ qacðxÞ (2a)

k�ðcÞ ¼ cðxÞ Ck 1þ qkð Þ � 1½ � þ 1

Ck 1þ qkcðxÞ
� � (2b)

in which c is the design variable field that varies con-
tinuously between zero and unity, qa and qk are the
real and positive parameters that tune the convexity
of aðcÞ and k�ðcÞ: Theoretically, the upper bound of a
should be infinity to ensure zero velocities in the solid
domain, but in numerical simulation, a large finite
amax that sufficiently impedes the flow is used on
account of the numerical stability. Equations (2a) and
(2b) give a ¼ amax, k ¼ k� � kf ¼ ks at c ¼
0, and a ¼ 0, k ¼ kf at c ¼ 1, as a result, c ¼
0 corresponds to the solid material and c ¼ 1 the
fluid. In this way, the TO problem has been translated
into a problem of finding the best set of the spatially
dependent design variable field. The values of qa and
qk are adjusted to penalize intermediate design varia-
bles with respect to the effective inverse of permeabil-
ity and effective thermal conductivity, respectively,
thus driving c toward the bounds of 0 and 1.

Although the discrete design problem has been
converted to a continuous one by Eqs. (2a) and (2b),
TO still faces the challenges caused by its ill-posed
nature, like checkboards problem, mesh-dependence,
and local optimal solution [42]. To further improve
the numerical stability, the density filter based on the
Helmholtz-type partial differential equation is
employed [43], and we have

�r�f r~c2 þ ~c ¼ c (3)

where rf is the filter radius and ~c the filtered design
variable. An inherent problem of using the density fil-
ter method is the gray transition regions between solid
and void parts which means the solid/void interfaces
in the optimized solutions are not discrete 0/1 transi-
tions but smeared out [44]. This problem can be alle-
viated by using projection methods [45], and here we
use the threshold Heaviside function projection [46]

~c ¼ tanh rgð Þ þ tanh r ~c � gð Þð Þ
tanh rgð Þ þ tanh r 1� gð Þð Þ (4)

where r, g, ~c denote the projection steepness param-
eter, the projection threshold, and the projected
design variable, respectively. It is important to note
that ~c is the physically meaningful material density
used in Eqs. (2a) and (2b), and for Figures 2–7 illus-
trating the optimized structures, it is the distributions
of ~c that are shown. The density-based TO method
with filtering and projection is also called a three-field
approach [18].
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Figure 2. The convergence process for TO at Gr¼ 640. Subgroup 1 to 5 refers to the different parameters of interpolation and
projection in Eqs. (5). The gray-scale map refers to the solid material distribution 1 – c. The values of T�

b, ave are calculated during
the optimization process using the Brinkman friction term.

Figure 3. Topology-optimized designs varying with the dimensionless mesh size (h�m) and filter radius (r�f ) at Gr¼ 640. The black
regions represent the heat sink (solid material) and the white regions the open channel (fluid material).
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Numerical solution

The solution of the TO problem involves the follow-
ing procedures: (1) Discretization and initialization.
The finite element method is employed to numerically

solve the governing equations. The initial design is
cinit ¼ 1 � / where / is the volume constraint on
heat sinks defined as

Ð
~cðxÞdA � /Ad: (2) System

reanalysis. For a given design variable distribution,

Figure 4. Designs, temperature fields, and velocity fields obtained by TO varying with Gr. Temperatures and velocities are nondi-
mensionalized. For different Gr, the velocity vectors (arrows) are normalized by dividing the corresponding maximum vel-
ocity (�v ¼ v�=v�max).

Figure 5. Designs obtained by TO for different heat source sizes (Wb = Wd ). The heat sink volume and thermal conductivity
ratio are /¼ 0.5 and Ck ¼ 10-2.
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the damped Newton method with a constant and
empirically determined damping factor is utilized to
solve Eqs. (1a) - (1c). The effective inverse of

permeability and effective thermal conductivity are
interpolated using Eqs. (2a) and (2b), and the velocity
field and temperature field are obtained. (3) Sensitivity

Figure 6. Designs obtained by TO for different heat sink volumes (/). The heat source size and thermal conductivity ratio are
Wb = Wd ¼ 1 and Ck ¼ 10-2.

Figure 7. Designs obtained by TO for different thermal conductivity ratios (Ck). The heat source size and heat sink volume are
Wb = Wd ¼ 1 and /¼ 0.5.
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analysis. In order to use gradient-based optimization
algorithms to the TO problem, the adjoint method [20]
is adopted to calculate the sensitivities, which refer to
the gradients of the objective function and constraint
functions to the design variables. (4) Regularization.
The design field is filtered and projected by Eqs. (3) and
(4). (5) Optimization (material redistribution). The
well-known method of moving asymptotes [47] is
employed since it is especially compatible with TO prob-
lems. (6) Convergence judgment. Repeating steps (2) -
(5) unless the convergence criterion is satisfied. In prac-
tice, the stopping criteria is kci � ci � 1k1 � 0:01 or
the iteration number denoted as superscript i reaches a
maximum value of 100.

More importantly, a gradual increasing scheme for
the parameters of interpolation and projection is per-
formed:

qk ¼ f10�1, 100, 101, 102, 103g (5a)

qa ¼ f101, 101, 102, 102, 103g (5b)

amax ¼ f105, 105, 105, 106, 107g (5c)

r ¼ f1, 1, 1, 5, 10g (5d)

The four parameters are changed at intermediate
stages of convergence. The sequences are chosen to
stabilize the optimization process and produce better
results. The small values at the beginning result in a
more convex optimization problem and alleviate pre-
mature convergence to poor local optima, while the
increasing values gradually penalize the intermediate
design variables and force the design variables toward
0 and 1. It should be noted that the results of such
non-linear optimization problems are highly depend-
ent on the initial design and the solving process.
Compared with the increasing scheme in reference

[29], our scheme yields stronger linearity of the ther-
mal conductivity interpolation at the initial phase, and
gradually cuts down the linearity of the inverse of per-
meability interpolation. These settings are expected to
improve the performance of the optimized results.
The projection threshold is fixed at g¼ 0.5.

Results and discussion

For the design problem shown in Figure 1, the geo-
metric parameters are H¼ 4m, W¼ 7m, Hd ¼ 2.5m,
Wd ¼ Wb ¼ 4m. The cold wall temperature and cor-
ner point pressure are T0 ¼ 0K and p0 ¼ 0 Pa. The
properties of the fluid material are qf ¼ 1 kg/m3, kf ¼
1W=ðm � KÞ, Cp,f ¼ 1 J=ðkg�KÞ, l¼ 1 kg=ðm � sÞ and
b¼ 1K�1. The solid material is set to have the same
density and specific heat as the fluid material, and its
thermal conductivity is ks ¼ 100W=ðm � KÞ unless
otherwise stated. Thus, we have Pr¼ 1 and Ck ¼ 0.01.
The Gr is calculated by taking the height of the entire
domain (H) as the characteristic length, and the refer-
ence temperature difference is calculated as ðDTÞ0 ¼
qbWb=ðkf q�bÞ, in which q�b ¼ 0.22 is a pre-deter-
mined dimensionless heat flux. Three values of the
heating power density qb ¼ 5.5/2.75/0.55 W/m2 are
investigated, corresponding to Gr¼ 640/3200/6400. In
this way, the physical settings are consistent with
those in the literature [29], so the present TO results
for the large-size heat source (Wb=Wd ¼ 1) can be
directly compared to the previous ones for the small-
size heat source (Wb =Wd ¼ 0:05). For the sake of
comparison, the results are non-dimensionalized as
L�¼L/Lref, T� ¼ (T - Tref)/ðDTÞ0 and v� ¼ v/Uref, in
which Lref ¼ 1m is the reference length scale, Tref ¼
0K is the reference temperature and Uref ¼
kf=ðCp, f qf Lref Þ is the reference velocity.
Eqs. (1) are solved by the laminar conjugate heat

transfer module of COMSOL Multiphysics with a
square finite element. According to reference [48], the
transition from laminar to turbulent flow usually hap-
pens around Gr ¼ 109 for natural convection in
large space, and GrPr ¼ 5�104 for natural convec-
tion in horizontal interlayers. However, the transition
criteria are not suitable for the complex and changing
geometries produced during the process of TO. For
specific problems, experimental studies are required,
but it is beyond the scope of this work.

Convergence and mesh-independence check

At first, the numerical convergence of the TO method
is checked. The optimization process for TO at

Table 1. Dimensionless average temperature of the heat
source for different designs varying with Gr. Considering the
symmetry, only the right half-plane of the designs is drawn.
The bold number denotes the best performance for the same
flow condition (row).

Gr

T�
b, ave

Design 1 Design 2 Design 3

640 3.30 3.32 3.92
3200 3.20 3.20 3.34
6400 2.97 2.96 2.74

Note: designs 1 – 3 are given by TO for Gr¼ 640, 3200, 6400 where the
heat source size is Wb=Wd ¼ 1:
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Gr¼ 640 is shown in Figure 2, in which the dimen-
sionless temperature objective functions (T�

b, ave) vary-
ing with the iteration number in every subgroup of
the advancing parameters are depicted. Moreover, the
material distribution results (1 - c) of each subgroup
are displayed. The values of T�

b, ave are calculated by
the optimization program, which use the Brinkman
friction term to model the solid region as shown in
Eq. (1b). The black and white regions in the gray-scale
map represent the heat sink (solid material) and the
open channel (fluid material), respectively. The heat
sink volume constraint (/), dimensionless mesh size
(h�m¼ hm/Lref) and dimensionless filter radius (r�f ) are
0.5, 0.05 and 0.015, respectively. The initial material
distribution 1 � c ¼ / corresponds to a uniform
gray distribution of the design variable field and is
not shown in Figure 2. For parameter subgroup 1 and
5, the convergence criterion is satisfied during the
iteration. For the other subgroups, the iteration num-
bers reach the maximum value of 100. During the
optimization process of each subgroup, the objective
function decreases at first and becomes a nearly con-
stant line afterward, indicating that the objective func-
tion has converged when the parameters change. The
material distributions show how 1 - c varies from the
initial uniform design to a final tree-like design. The
main outline of the heat sink has been determined
after the optimization process of subgroup 2, empha-
sizing the importance of using a slight penalization at
the beginning. The remaining optimization processes
gradually penalize the intermediate value of c, adjust
the allowed minimal length scale, and finally result in
a discrete design.

Then, TOs for different h�m and r�f at Gr¼ 640 are
conducted to determine reasonable mesh size and
intensity of the density filter, so that the optimization
program could produce designs that will not change
remarkably as the mesh size decreases. The heat sink
designs predicted by TO varying with h�m and r�f are
drawn in Figure 3. At Gr¼ 640, the buoyancy force is
very weak and the fluid should be almost at rest state,
thus, the results of TO for pure heat conduction prob-
lems can be termed as a benchmark. To avoid the
possible errors caused by employing the Brinkman
friction term, T�

b, ave in Figure 3 are calculated by
choosing c¼ 0.5 as the solid-to-fluid interface and set-
ting the solid and fluid regions in COMSOL
Multiphysics. For h�m ¼ 0.05 and r�f ¼ 0.015, the con-
verged value of T�

b, ave is 3.40 in Figure 2, but the re-
calculated value is 3.30 in Figure 3, the deviation
originates from the Brinkman friction term. Without
special explanations, the following presented values of

T�
b, ave are all the re-calculated ones, not the con-

verged ones.
The solid materials in Figure 3 all distribute in a

tree-like way to connect the bottom heat source and
the edges of the design zone via some upward
branches. As the primary branches from the bottom
stretch into the design domain, they will diverge into
several thin secondary branches. The tree-like design
is similar to the typical TO results for pure conductive
heat transfer problems [49]. As the mesh size
decreases, the minimal length scale allowed in the
optimized design decreases, which leads to more
small-scale structures and lower temperature, and hin-
ders the mesh convergence. In the results of r�f ¼ 0, a
growing number of secondary branches and tiny holes
appear as h�m reduces from 0.1 to 0.025, and T�

b, ave

decreases from 3.31 to 3.27, exhibiting a strong mesh-
dependence. The density filter technique improves the
mesh-convergence by imposing control over the
length scale, but it sacrifices some optimization effects.
When h�m is fixed, the tiny structures on the top of
the design domain disappear as r�f increases from 0 to
0.015, while the bottom thick structures are remained
and T�

b, ave are raised. When r�f goes to 0.05, the dens-
ity filter is so strong that the three mesh sizes result
in the same heat sink designs, and the almost equal
objective values (T�

b, ave¼ 3.39, 3.38, 3.37) verifies the
mesh-independence of solving the governing equa-
tions. Figure 3 validates the effectiveness of the dens-
ity filter approach. In this work, h�m ¼ 0.05 and r�f ¼
0.015 are chosen since they have a moderate mesh-
independence and calculation efficiency. The value of
the filter radius also agrees with that in reference [29].
A larger filter radius can guarantee stronger mesh-
independence, but it is supposed to impair the effect
of TO. It is worth noting that the designs in Figure 3
have distinct solid-fluid interfaces, confirming that the
gray transition regions originating from the filter tech-
nique have been successfully suppressed by the projec-
tion method.

Effects of grashof number

Using the numerical parameters determined above,
the topology optimized designs for different heating
powers are shown in Figure 4, in which the tempera-
ture and velocity distributions are also illustrated. In
general, all designs have reached the upper bound of
the volume constraint, which means the heat sink
makes up 50% of the design domain, but the topology
optimized heat sink structures, as well as temperature
and velocity fields, vary with Gr. For Gr¼ 640, the
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tree-like heat sink quickly transfers heat from the heat
source to surrounding regions, causing a nearly uni-
form temperature distribution in the design domain.
In the fluid domain, the dimensionless velocities are
less than one and the temperature profile is diffusive,
demonstrating that heat conduction is the main way
of heat transfer. When Gr increases to 3200, the
obtained design is very similar to that of Gr¼ 640.
There are also three primary branches extending from
the heat source to the top and side edges of the design
domain, and they diverge at the ends. Only a few tiny
changes in size are observed, like the expansion of
voids on the top. However, the speed of the fluid flow
is increased and heat convection is strengthened.
There are two vortices on the sides of the design
domain, raising the maximum dimensionless velocity
to be about 3. The temperature profile at the bottom
has deviated from the diffusive one. As Gr further
increases to 6400, the optimized design changes
remarkably. The middle primary branch no longer
stretches into the top edge of the design domain. The
oblique primary branches thicken at the bottom and
thin at the top, and the secondary branches at the
ends disappear. In this case, the fluid flow forms four
evident vortices and the maximum dimensionless vel-
ocity increases to be more than 6. The temperature
distribution is not uniform in the design domain, but
the maximum dimensionless temperature decreases to
be less than 3, indicating that the heat transfer has
been adequately enhanced by heat convection.
Although TO gives different heat sink designs for dif-
ferent heating power, their common characteristic is
that the heat sinks cover the whole heat source and
has three primary branches.

To test the performance of TO, the cooling capacity
of different heat sink designs in Figure 4 are com-
pared under different flow conditions, as Table 1
shows. The design optimized for a certain flow condi-
tion has the lowest heat source average temperature
(the bold numbers) for its particular flow condition,
and performs better than the other designs. Take
Gr¼ 640 as an example, TO for Gr¼ 640 gets
T�
b, ave ¼ 3.30, which is lower than that for Gr¼ 3200

(T�
b, ave ¼ 3.32) and Gr¼ 6400 (T�

b, ave ¼ 3.92). One
special case is Gr¼ 3200 where the structure opti-
mized at Gr¼ 640 still has the lowest average tem-
perature, but it is not surprising considering the
structure is very similar to that optimized at
Gr¼ 3200. Table 1 verifies the validity of the TO
method for natural convection heat sinks with a large-
size heat source.

The variation of the optimized design can be inter-
preted as the harmony of increasing heat transfer area
and decreasing flow resistance. Heat sinks play the
role of building high-thermal-conductive paths which
shorten the effective distance of the heat source and
surrounding cold environment, but the effect is closely
related to the strength of convection and heat conduc-
tion, especially for the highly-coupled natural convec-
tion. When the surface area of the heat sink broadens,
on one hand, the contact area between the solid and
fluid expands, which is beneficial to enhance the heat
conduction; on the other hand, the flow resistance
also increases, which will depress the heat convection.
When the heating power is small, heat conduction is
the main way of heat transfer in the fluid regions.
The influence of the flow resistance can be ignored,
and the heat sink will form a shape that contacts with
the fluid as much as possible. So, TO at Gr¼ 640 pre-
fers to produce the tree-like heat sink that has a large
surface-to-volume ratio, and the heat sink will cover
the whole heat source to make sure that all heat gen-
erated can be efficiently conducted. As the heating
power intensifies, the convection begins to take effect
but its contribution to heat transfer has not signifi-
cantly exceeded heat conduction. The tree-like struc-
ture coincidently has two oblique primary branches
which provide smooth vertical surfaces to motivate
flow, making it nearly the optimized design at
Gr¼ 3200 as well. When the heat source is strong
enough, convection dominates heat transfer. In this
case, the shape of the branches will be modified to
better accommodate to the strong flow and reduce the
flow resistance. Therefore, in the optimized design for
Gr¼ 6400, tiny secondary- and tertiary- branches van-
ish and the remained primary branches form the taper
structures, which improve the heat conduction at the
bottom slow flow regions and adapt to the fast flow at
the top and side. As a validation, the area of the heat
sink’s outer surface Ao is calculated, which is defined
as the solid-to-fluid surface except for the enclosed
fluid pockets. For the 2D problem, the dimension
perpendicular to the paper is set as 1m, and the val-
ues of Ao for Gr¼ 640, 3200 and 6400 are 28.2m2,
30.6m2 and 16.2m2, respectively. The optimized
structures at Gr¼ 640 and 3200 are very similar, so
they have almost the same outer surface area. The
small increase of less than 10% as Gr varies from 640
to 3200 can be interpreted as the non-uniqueness of
the TO results. However, for Gr¼ 6400, Ao of the
optimized structure is significantly reduced by nearly
50%, quantitatively demonstrating that TO prefers to
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produce less complex structure in the convection
dominant regime.

Effects of heat source size

Except for the Gr that reflects the heating power, the
heat source size is another factor that we care about.
TOs for different heat source sizes are conducted and
the results are shown in Figure 5. For the same Gr,
the heating power density has been changed to keep
the heating flow as a constant. The results for
Wb =Wd ¼ 0:05 do a good job of matching the
results in reference [29], validating the new parameter
advancing scheme again. It can be found that the
topology-optimized designs regularly vary from the
tree-like structure at the small Gr to the taper-like
structure at the large Gr, but the location of the pri-
mary branches and direction of the secondary
branches are different. At Gr¼ 640, as the heat source
size cuts down, the vertical primary branch originat-
ing from the center of the heat source fades away and
many secondary branches extend upward from the
two oblique primary branches. At Gr¼ 6400, similar
variation trend with the heat source size is observed,
the distribution of the solid material moves toward
the symmetry line. At Gr¼ 6400, the three designs all
have the taper structure whose vertices are at the cor-
ner of the design domain, the little difference is the
degree of separation of the primary branches and gaps
of the surface. In addition, T�

b, ave for the same Gr
increases as the heat source size reduces.

The effect of heat source size reflects the change of
major heat dissipation path. In the case of
Wb=Wd ¼ 1, the heating power is distributed in a
large area. The distance from the heat source to the
side wall and the top wall is ðW� � W�

dÞ=2 ¼ 1:5
and H� ¼ 4, of which the former is less than half
of the latter. As a result, enhancing lateral heat trans-
fer gains more than enhancing upward heat transfer,
and the topology-optimized designs will distribute a
large quantity of the solid material toward the side
wall. As the heat source size cuts down to
Wb =Wd ¼ 0:5, the distance from the heat source
to the side wall increase, the superiority of lateral heat
dissipation is diminished, making TO form more
upward branches. In the case of Wb =Wd ¼ 0:05,
the length of the lateral heat dissipation is ðW� �
0:05W�

dÞ=2�3:5, which has already been comparable
to the length of the upward heat dissipation. Since
upward heat transfer plays the same role as the lateral
heat transfer, the primary branch predicted by TO
grows along the diagonal line of the half plane, and

the solid material is distributed more evenly in direc-
tion. Moreover, the reduction of heat source size
improves the localization of high temperature hot
spots, making the heat dissipation more difficult.
Thus, T�

b, ave of the optimized design will increase as
the heat source size decreases.

The influence of the heat source size is noticeable
at the small Gr but declines with Gr increasing, which
can be attributed to the change of the relative strength
of convection to heat conduction, too. In the heat
conduction dominant regime, the root of the tree-like
heat sink is the heat source. Consequently, there are
more primary branches directly growing from the
heat source as its size increases at Gr¼ 640. In the
convection dominant regime, the design direction is
to prompt fast flow and reduce flow resistance at the
same time. As a consequence, the taper-like heat sink
which could excite four vortices is the best choice at
Gr¼ 6400, no matter how much the heat source size
is. However, the tendency of the solid material to
gather toward the symmetry remains. In the inter-
mediate heat transfer regime, the benefits of increas-
ing the heat transfer area and decreasing the flow
resistance are at the same order; hence the optimized
design will lie between the tree-like structure and the
taper-like one.

Effects of heat sink volume

Previous studies are all based on /¼ 0.5, which could
probably be difficult to achieve in actual devices
owing to the limited design space. To better under-
stand the characteristics of TO for natural convection
heat sinks, two lower volume constraints are further
considered, of which the obtained results are shown
in Figure 6. For /¼ 0.3, the allowed volume of the
heat sink is still large and the design varies with Gr in
the same way as /¼ 0.5, from the tree-like structure
with many branches at Gr¼ 640 to the taper structure
with gradient thickness at Gr¼ 6400. But the thick-
ness of the branches is clearly shown to be thinner for
the same Gr. When / decreases to 0.1, the thinning
effects are more pronounced. The provided solid
material is only able to construct two oblique primary
branches and other branches disappear, causing the
outlines of the heat sink nearly remain the same when
Gr varies from 640 to 6400, but they still reflect the
intensifying of the convection strength. At Gr¼ 640,
the primary branches are thinner and longer, because
the optimized design in the conduction dominant
regime should stretch into the design domain as
much as possible. As the convection intensifies, the
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primary branches become shorter and thicker to adapt
to the fluid flow. Owing to the lack of solid material,
the heat sink cannot cover the whole heat source and
there are barely secondary branches even at small Gr,
but heat from the bottom heat source will be comfort-
ably conducted away with the help of the oblique
branches, which is favorable to reduce the tempera-
ture of the heat source. The results of /¼ 0.1 reveal
that for the present heat sink design problem, con-
structing two oblique branches to connect the bottom
heat source and the corners of the design domain is
always the most effective way to improve the heat
dissipation.

In addition, the heat source average temperature
also decreases as the heat sink volume reduces, since
the strengthening effect of the high thermal conduct-
ivity solid material on heat transfer is weakened.
However, the effect of the heat sink volume dimin-
ishes as Gr increases. At Gr¼ 640, the dimensionless
temperature rise of the heat source is 1.52 as reduces
from 0.5 to 0.1. But at Gr¼ 3200 and 6400, the
dimensionless temperature rises are 0.70 and 0.39,
respectively. Along with the variation of the heat sink
structure, it is concluded that the results of TO is sen-
sitive to the heat sink volume in the conduction dom-
inant regime, but the sensitivity decreases as heat
convection enhances.

Effects of thermal conductivity ratio

Another physical parameter that may affect the opti-
mization results is the thermal conductivity ratio Ck.
The above optimizations are conducted at Ck ¼ 10�2

since it is an often-used setting in the TO problem of
natural convection [29, 31–33]. However, for practical
heat sinks, the common solid material is aluminum or
copper, and the fluid is air, resulting in Ck � 1/9000
or 1/15000. To investigate the influence of Ck, TOs of
Ck ¼ 10�3 and 10�4 are also carried out and the
results are shown in Figure 7. When Ck varies, only
the thermal conductivity of the solid material is
changed in the optimization calculation. It is found
that a smaller Ck does not qualitatively influence the
variation tendency of the optimized designs, they still
vary from the tree-like structure at Gr¼ 640 to the
taper structure at Gr¼ 6400, but the details of the
heat sink change dramatically. Take Ck ¼ 10�3 as an
example, the optimized design at Gr¼ 640 has a thick
vertical primary branch, from which several secondary
branches stretch. When Gr increases to 3200, the ver-
tical primary branch becomes significantly thinner
and there are no secondary branches on it. At

Gr¼ 6400, the middle branches vanish, leaving a large
open hole around the center of the design domain.
For Ck ¼ 10�4, the same disappearance process of the
middle branches has been observed.

However, for a fixed Gr, different Ck causes the
optimized designs and objective temperature functions
to be different, and the effect of Ck weakens as Gr
increases. At Gr¼ 640 where heat conduction domi-
nates the heat transfer, the secondary branches in the
tree-like structures become thinner and more white
holes appear as Ck decreases. Because a smaller Ck

means the solid material has higher thermal conductiv-
ity, a smaller cross-section area is required to conduct
a particular heat rate through it. This finding is consist-
ent with that reported in TO of pure heat conduction
problems [49]. The reduction of T�

b, ave is 0.2 as Ck

decreases from 10�2 to 10�4. At Gr¼ 3200, heat con-
vection enhances but heat conduction still acts on the
same order of magnitude as convection. As Ck declines,
the heat is conducted to the fluid more efficiently via
the heat sink, inducing the flow to be faster. TO still
predicts the tree-like structure with large area side faces
that is beneficial to both conduction and convection
and the reduction of T�

b, ave is still 0.2, but the middle
vertical branches that impede flow fades away. At
Gr¼ 6400, reducing Ck nearly has no impact on the
optimized structure except for the disappearance of the
middle vertical branches. In the convection dominant
regime, adapting to the flow is prior to enhancing heat
conduction. Thus, TO obtains the similar taper struc-
ture for different Ck. The optimized T�

b, ave reduces as
Ck decreases, indicating the improvement of heat trans-
fer caused by higher thermal conductivity of the solid
material, but the decreasing amplitude is only 0.08.
Figure 7 suggests that although the analyses of heating
power and heat source size are based on the results of
Ck ¼ 0.01, they are still inspirable to the design of
actual aluminum-air or copper-air heat sinks.

Conclusions

In this paper, the density-based TO method with filter
and projection techniques is utilized to achieve the
2D TO design of natural convection heat sinks. A
new gradual parameter scheme is proposed to avoid
too rapid convergence to local optima, and an explicit
mesh-independence check is conducted to determine
reasonable values of the mesh size and filter radius.
These settings result in an easy-to-use and robust TO
method for the design of natural convection heat
sinks. The heat sink optimized for a certain flow con-
dition is proved to have better heat dissipation
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performance than the others for its particular flow
condition, verifying the validity of the TO method.

Parametric studies are carried out to investigate the
effects of four physical factors. The obtained design
gradually changes from the tree-like structure to the
taper structure as Gr that represents the relative heat-
ing power increases, but the location, direction, thick-
ness, and number of the branches are different for
different heat source sizes, heat sink volumes and
thermal conductivity ratios, and the impact of the
three factors weakens with Gr increasing. For a small
Gr which corresponds to the relatively small heating
power, more primary branches stretch out from the
heat source as the heat source size broadens, thickness
of the branches thins as the heat sink volume reduces,
and number of the fluid holes grows as the solid
material thermal conductivity rises. For a large Gr, the
optimized designs generally form the taper structure
with few secondary branches, regardless of the heat
source size, heat sink volume and thermal conductiv-
ity ratio. For an intermediate Gr, the optimized design
lies between the tree-like structure and the taper
structure. Among the large number of optimized
designs, two oblique primary branches connecting the
bottom and top corners of the design domain are the
common feature.

The dependence of the optimized design on heating
power, heat source size, heat sink volume and thermal
conductivity ratio is related to the variation of domin-
ant heat transfer way in natural convection. In the
heat conduction dominant regime, the heat sink will
try to cover the whole heat source and form a shape
that contacts with the fluid as much as possible.
Therefore, TO will end up with a tree-like structure
whose branching ways are sensitive to the other phys-
ical conditions. In the convection dominant regime,
fluid flow is so strong that the taper heat sink which
could motivate flow without introducing too much
flow resistance is preferred by TO, regardless of the
other physical conditions. For the current geometry,
since the oblique primary branches effectively reduce
heat accumulation at the heat source, they always exist
in the optimized designs.
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